We show that the Casimir force and energy are modified in the κ-deformed space-time. This is analysed by solving the Green's function corresponding to κ-deformed scalar field equation in presence of two parallel plates, modelled by δ-function potentials. Exploiting the relation between energy-momentum tensor and Green's's function, we calculate the correction to Casimir force, valid upto second order in the deformation parameter. The Casimir force is shown to get corrections which scale as L −4 and L −6 and both these types of corrections produce attractive forces. Using the measured value of Casimir force, we show that the deformation parameter should be below 10 −23 m.
Introduction
The nature of gravitational force is not yet known at microscopic scales irrespective of the fact that it is one of the oldest known forces. Attempts to understand working of gravity at extremely short distance scales are naturally one of the most active areas of research. Various approaches, based on different paradigms are being pursued for many years now to understand quantum theory of gravity. String theory, loop gravity, causal dynamical triangulations, emergent gravity, assymptotically safe models, non-commutative geometry [1, 2, 3, 4, 5, 6, 7] etc are some of these approaches. Many of these methods have some common features and introduction of a fundamental length scale below which quantum effects of gravity is prominent, is one of them [2, 3] . Thus incorporating a fundamental length scale in models of quantum gravity is essential and non-commutative geometry provides an elegant way to do this [2, 3] . Non-commutative geometry also appear in the low energy limits of string theory, loop gravity etc.
Two different types of non-commutative space-times [7] that have been studied extensively are Moyal space-time [8] and κ-deformed space-time [9] . In the former, the commutator between space-time coordinates are constants while in the later the commutator between time and space coordinates are proportional to the space coordinates themself. Field theory models on these space-time have been constructed and studied with various motivations [8] .
Existence of a fundamental length scale in models of microscopic theory of gravity necessitated the modification of principle of relativity and this lead to the formulation of deformed special relativity [10] . The space-time associated with deformed special relativity is shown to be the κ-deformed space-time [11] . The inherent features of quantum theories on non-commutative space-times are non-locality, nonlinearity and introduction of a length parameter. There have been many studies to analyse the effect of this fundamental length scale and its possible signals [12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . It is also known that the symmetries of these models are realised as Hopf algebras [22, 23, 24, 25] and their quantisation rules are non-trivial. Thus it is of intrinsic interest to study the implications of minimal in implementing boundary conditions as the space-time points does not have any well defined meaning in non-commutative space-time. Imposing boundary conditions play a very important role in the calculation of Casimir effect and thus its calculation in non-commutative space-time has to be done with care. In [34] , for even dimensional Moyal space-time, using a coherent state approach [36] and smeared boundary condition, Casimir force between two parallel plates was calculated. In the coherent state approach, the non-commutative plane waves are mapped to the usual plane waves with an additional damping factor which depends quadratically on momenta.
It is known that the quadratic part of the action in Moyal space-time is same as that in the commutative space-time [8] and the effects of non-commutativity appear only through the interactions. Thus the vacuum fluctuations relevant for Casimir effect is independent of non-commutative parameter in the Moyal space-time [35] . But for Casimir effect with circular boundary conditions, the interaction term is non-trivial and Casimir effect is modified in Moyal space-time and this was calculated in [35] .
In [37] , Casimir effect in the κ-space-time was calculated using a specific form of κ-deformed scalar theory [24] . κ-space-time is one where the commutator of time coordinate with space coordinates are proportional to space coordinates, while the commutator between space coordinates vanishes,i.e., they obey
The κ-deformed Lagrangian has derivatives to all higher orders up to infinity. Thus definition of conjugate momentum is not straight forward as in the commutative theory. In the approach used in [37] , the conjugate momentum used is not unique. The issue is addressed by calculating the expression for energy corresponding to the scalar theory without using explicit form of conjugate momentum. This is achieved by modifying the integration measure in the momentum space. This modification allows one to have same commutation relations between the creation and annihilation operator appearing in the quantised field, but the equal time commutator between fields is now become non-vanishing. Using thus obtained quantised energy of the field and treating deformed electromagnetic theory to be equivalent to scalar theory with two polarisations, vacuum energy of the κ-deformed Maxwell field is calculated. Using this, Casimir energy is calculated where the boundary conditions imposed are same as the ones in commutative space-time. Casimir energy is shown to scale as L −3 in this case [37] . For 1 + 1 dimension, in commutative case, Casimir effect for two parallel plates, has been rederived by considering two δ-function potentials [38] , which imply that the parallel plates are at x = 0 and x = L, respectively. Casimir Force has been calculated on plate at x = L, by using discontinuity of stress tensor. For the massless case, xx component of stress tensor has been calculated at a point, just left of the plate at x = L i.eT xx x=L − and at another point, just of right of the plate at x = L i.ê T xx x=L + .Then the force acting on the plate at x = L, due to quantum fluctuations, has been derived by taking difference between vacuum expectation value of these stress tensors using strong coupling of δ-function potentials as,F
The difference in the vacuum expectation value ofT αµ xx ′ at x and x ′ can be expressed in terms of time ordered product of fields at x and x ′ as,
whereÔ αµ (∂, ∂ ′ ) stands for a combination of operators, which acts on time ordered product of fields at nearby points. Since time ordered product of fields at x and x ′ is given by Green's function, the eqn(1.
To calculate G(x, x ′ ) in different regions, Euler-Lagrangian equation of scalar field theory with interaction part is solved with Drichlet boundary condition. Thus boundary condition plays a significant role in the calculation of Casimir Force. Then Casimir energy is calculated by integrating the Casimir force over the length between two parallel plates, taken to be infinitely separated, i.e.,
Here λ and λ ′ are coupling constants, λ, λ ′ → ∞ indicate the strong coupling limit. In this paper, we calculate the Casimir force and energy between two parallel plates by analysing the κ-deformed Klein-Gordon theory. In our approach, we start with the Klein-Gordon Lagrangian which is invariant under the action of undeformed κ-Poincare algebra [39] . This Lagrangian is written in terms of field defined in the commutative space-time and this allows us to use calculational tools of usual field theory in deriving effect of vacuum fluctuations. After calculating the energy-momentum tensor corresponding to κ-deformed scalar theory in 1 + 1 dimensions, we derive the corresponding Casimir force and energy.
We use the same boundary conditions as commutative case as κ-deformed Klein-Gordon equation is written in commutative space-time. Using these boundary conditions and κ-deformed Euler-Lagrangian equation for scalar field theory, we have calculated Green's function solution valid upto order a 2 , in different regions. Using equation (1.5), we have calculated time ordered product of fields at nearby points. Then using higher order derivative theory, we have calculated energy momentum tensorT αµ , with dependence on κ-deformation parameter, upto first non vanishing term i.e., a 2 , from κ-deformed Lagrangian. We symmetrised energy-momentum expression and obtained vacuum expectation value of energy momentum tensor in the form,
HereÔ αµ (∂, ∂ ′ ) and T (φ(x), φ(x ′ )) both depend on κ-deformation parameter a. Using above relation, in same way as commutative case, we have derived difference of stress tensor at left of the plate and right of the plate at, x = L and calculated the Casimir force.
κ-deformed Lagrangian for scalar field
The coordinates of κ-deformed space-time obey the Lie-algebra type commutation relations given by
where the deformation in parameter a has the dimension of length. Dirac derivative, that transform as a four vector under the undeformed κ-Poincare algebra, [39] is given by
The corresponding quadratic Casimir of the undeformed κ-Poincare algebra is D µ D µ and given by
where is given
with A = ap 0 . The corresponding κ-deformed disperson relation is,
Thus the generalized massless Klein-Gordan equation on κ-deformed space-time takes the form
Now we write down the κ-deformed real scalar field Lagrangian as function of A, where A = ap 0 . In terms of Dirac derivatives, Lagrangian is
By choosing ϕ, we can obtain different realisations of κ-deformed Lagrangian. In this paper we have chosen ϕ = e − A 2 .To study Casimir effect between two parallel plates, one introduces these plates through their interaction with fields. This interaction of the two parallel plates kept in the vacuum at x = 0 and x = L is described by an interaction Lagrangian, which is given as
Thus the total Lagrangian is written as
Using Dirac derivative given in Eq.(2.2) we expand the above Lagrangian and keep upto first non vanishing terms in a. Here we consider the deformed Lagrangian in 1 + 1 dimension given by,
(2.10) Note that the interaction part is same as that in the commutative case and is given in eq.(2.8). This is possible since Lagrangian in Eq.(2.10) is written in terms of commutative variables. Thus by using κ-deformed Lagrangian written in terms of commutative variables, we avoid issues related to implimentation of boundary condition in non-commutative space-time.
κ-deformed Casimir effect
In this section we obtain the vacuum expectation value of the deformed stress tensor, valid upto first nonvanishing term in a i.e a 2 . Using this, we obtain the deformed Casimir force and deformed Casimir energy valid upto a 2 , in both 1 + 1 and 3 + 1 dimension, separately.
The Euler-Lagrangian equation following from the above Lagrangian in Eq.(2.10) is given by
We solve this equation using perturbative method and thus we assume the solutionφ(x) to be of the formφ
where the dimensions of α and β are 
3)
respectively. From these equations we notice that φ 1 (x) = φ 0 (x). In the limit λ, λ ′ → 0, we have φ(0) = φ(L) = 0 and thus get φ 0 (x) = C(e ik ′ x − e −ik ′ x ) = C(e ikx − e −ikx )e −iwt , where C is constant, k ′ is four-vector momentum, wave vector k = nπ L ,where n is the number of mode in between parallel plates and w is wave frequency. Using these we solve Eq.(3.5) and this gives φ 2 (x) =
Note that the above solution has correction terms due to non-commutativity, valid upto order a 2 .
Since the Casimir force is calculated using Green's's function, first we obtain the Green's's function from the relation
The Fourier transform of Green's's function is expressed as,
and the reduced Green's's function, g(x, x ′ , w) obeys the equation,
Using k 2 = −w 2 , above equation becomes
Now we find the solution for reduced Green's's function in different regions. Thus the reduced Green's's function in the three regions of interest are [26] g(x, x ′ ) = 1 2k
where, x, x ′ < 0 (3.13) where
(3.14)
For a real scalar field in the commutative regime, vacuum expectation value of the stress tensor is calculated from Green's's function. Using this the Casmir energy is determined. For free scalar field theory the stress tensor is given as,
which is written using time ordered product as
Thus the vacuum expectation value of T µλ is
Generalising this approach, we evaluate the vacuum expectation value for κ-deformed energy momentum tensor. For this we first derive expression of Energy Momentum tensorT αµ in the κ-deformed spacetime.
Modified Energy Momentum tensor
In this subsection we evaluate the deformed stress tensor from the Lagrangian describing the κ-deformed scalar field using the higher derivative formalism. From higher derivative theory, the expression for the stress tensor is given (see appendix) as [41] 
Using this, we calculate the stress tensor for the Lagrangian given in Eq.(2.10). Consider the first term in the RHS of above equation, which we calculate explicitly as
Next we calculate the second term in the RHS, i.e
The third term is given by
Now adding up these we get the terms in first bracket as
Similarly, we calculate the remaining terms and deformed stress tensor is found to bê
In the lim a → 0, we recover the commutative stress tensor for the real scalar field. Note that, unlike the commutative case, here the κ-deformed stress tensor is not symmetric. Thus we see that a stress tensor which is symmetric in the commutative space-time need not be symmetric in non-commutative space-time. Next we symmetrise the energy momentum tensor, and then re-express the deformed energy-momentum tensor asT
where
In the above equations we have used
Note that B,C and D are dependent on a 2 and in the commutative limit, they all vanish identically. We now re-express the Energy-Momentum tensor as,
whereÔ αµ (∂, ∂ ′ ) = (A + B + C + D). Thus the vacuum expectation value of the κ-deformed stress tensor is
Here the subscript a in G a is to emphasis that this Green's function has a dependeces. In order to evaluate the time order product between the scalar fields, we need to evaluate φ(x)φ(x ′ ), Using Eq.(3.6), we get,
Note that this product of fields do have terms upto a 2 order due to κ-deformation. Using this, the vacuum expectation value of deformed stress tensor is given as
The Green's function appearing here is the same as in the commutative case (i.e G(x, x ′ ) = T (φ(x)φ(x ′ ))).
From the above expression, we obtain the vacuum expectation value of xx component of the deformed stress tensor as
Using the reduced Stress tensort µν defined by
we calculatet xx and express it in terms of the reduced Green's's function. For the calculational simplicity we denotet xx =t
xx , wheret
xx andt (1) xx are given bŷ
36) respectively. Note that correction due to non-commutativity int (0) xx comes due to the corrections appearing in the product of fields φ(x)φ(x ′ ), (see Eq.(3.31).The correction int (1) xx in Eq.(3.36) due to the a dependent terms in Energy Momentum tensor(see Eq.(3.23) ).
κ-Deformed Casimir Force and Energy
Now we substitute the expression for reduced Green's's function from Eq.(3.11) into Eq.(3.35) and after simplifying, we gett
Using Eq.(3.14), we get the xx component of deformed stress tensor just to the left of the point x = L, valid upto a 2 term aŝ
Similarly we substitute Eq.(3.12) in Eq.(3.35) and after simplifying using Eq.(3.14) we find the xx component of the deformed stress tensor, just to the right of the point at x = L, valid upto a 2 term aŝ
We adopt the same procedure to calculatet (1) xx . First we substitute the expression for reduced Green's's function from Eq.(3.11) in Eq.(3.36) and after simplification, we get
Thus the xx component of the deformed stress tensor, just to the left of the point x = L, valid upto a 2 term iŝ
Next we substitute the expression for reduced Green's's function given in Eq.(3.12) in Eq.(3.36) and after simplification, we arrive at
Using this, the xx component of the deformed stress tensor, just to the right of the point x = L, valid upto a 2 term iŝ
The κ-deformed Casimir force acting on the point x = L due to the quantum fluctuations in the deformed scalar field is given bŷ 
Thus the deformed Casimir force is obtained by addingF (0) andF (1) aŝ
(3.47)
Hence the deformed Casimir energy is obtained aŝ
(3.48)
In 3 + 1 dimension, we evaluate the deformed Casimir pressure between δ function planes lying at x = 0 and x = L in three spatial dimensions. Here the Green's's function become
where k ′2 = k 2 − w 2 . Then g(x, x ′ , k ′ ) has the same form as in Eq.(3.11),Eq.(3.12) and Eq.(3.13), respectively. So that the deformed Casimir pressure,P =F A is given aŝ
and Casimir Energy,Ê
where A is surface area on the plate and ζ(n) is zeta function for n = 6. Note that in 1 + 1 dimension, for deformed Casimir Force, the κ-deformed correction terms scale as 
Bound on κ-Deformation parameter a
In [27] , the Casimir force gradient is measured to be 8 × 10 −4 N/m 2 with an error less than 1%, for parallel plates separated by a distance (L) of 10µm. Using the expression for deformed Casimir force given in Eq.(3.50) for 3 + 1 dimensions and by setting the numercial value of α to unity, we find the bound on the deformation parameter to be a < 10 −23 m.
Conclusions
In this work we have studied the vacuum fluctuations in κ-deformed space-time by analysing the Casimir effect between two parallel plates in 1 + 1 and generalised these results to 3 + 1 dimensions. We have calculated κ-deformed corrections to Casimir force and energy bewteen two parallel plates. In 1 + 1 dimensions, we have seen that between two parallel plates, in κ-deformed space-time, Casimir force and Casimir energy both pick up three correction terms. In these three correction terms, one depends on a and remaining two terms are a 2 dependent. The a dependent correction term varies as [32] here the corrections to the Casimir energy scales in two ways, i.e, as L −3 and L −5 respectively. All the correction term appearing in the Casimir force are attractive in nature. Note that we have obtained the corrections to Casimir energy that scale as L −5 in addition to terms that scale as L −3 . This should be contrasted with the result of [37] , where the correction was scaling as L −3 , only.
In commutative case, to calculate Casimir force, Drichlet boundary condition has been applied. As defining boundary condition in Non-commutative space-time is not trivial, here we started with κ-deformed Klein-Gordon Lagrangian, (which is invariant under action of undeformed κ-Poincare algebra) which is expressed in terms of fields defined in commutative space-time. This allowed us to use same calculational tools with same boundary condition as commutative case. Comparing correction terms with experimental results in 3+1 dimension, we have calculated upper bound on deformation parameter a as 10 −23 m.
Casimir effect due to electromagnetic field was studied and this field was handled using its equivalance to two scalar modes. In this studies, Drichlet boundary condition was imposed on one mode and for other mode Neuman boundary condition was imposed, which was introduced by hand and did not come out directly from Lagrangian. But in [42] , the boundary conditions were derived and this method was developed to deal electromagnetic field without considering individual modes, separately. Generalising this approach to non-commutative space-time is in progress.
